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1 Introduction

Materials engineering undertakes new challenges to �ll the need for
materials of speci�c, required by new �elds of applications , proper-
ties. Future seems to belong to so called ,,intelligent materials” which
can adapt their properties in a required manner to a given situation.
Moreover, sometimes they should exhibit properties not observed in
nature. To construct such materials, a detailed knowledge about pro-
cesses occurring within them and deep understanding of these pro-
cesses is required. One way to gain that knowledge is to study well
de�ned models, for which an accurate analysis of in�uence of various
microscopic mechanisms and parameters on macroscopic properties
is possible.

The study presented in this work is a part of larger research project
that aims on broaden of current knowledge on the in�uence of
changes on microscopic level on macroscopic elastic properties. The
subject of the research is the analysis of in�uence of disord er, in-
troduced by a dispersion of particle's sizes, on elastic properties at
temperature T = 0 of mentioned model systems.

2 Elastic constants

The systems studied are two-dimensional and isotropic from the point
of view of elastic properties, one can describe their elastic properties
by two elastic constants when the external pressure is zero [1]. The
system are, however, at positive pressure, p, so their (free) energy
change, F , per unit volume, corresponding to a deformation described
by the (Lagrange) strain tensor, � , can be written as a simple gener-
alization of the usual formula [1] – one needs to add a linear term in
the components of the strain tensor, � ij
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where Vref is the volume of the deformation-free (reference) state and
� ���� ; � ���� denote the elastic constants. The latter are simply related
to the bulk modulus, B , and the shear modulus, � [2]

B = 4� ���� ; � = 2� ���� � p :

The Poisson's ratio for a 2D elastically isotropic system can be written
as [2]

� =
B � �
B + �

:

To compute the elastic properties of a solid it is convenient to con-
sider a sample which, at equilibrium, is a parallelogram given by two
vectors A 0; B 0 which components form, respectively, columns of a
matrix H , further referred to as the box matrix [3]. Applying a uni-
form deformation which transforms the sample into a parallelogram
described by the box matrix h one can write the Lagrange strain ten-
sor in the form [3]

� =
�

H 0� 1 � h0� h � H � 1
�

=2 ;

where h0denotes the transposed matrix h.
Combining the free energy expansion and the elastic moduli with the

above formula one can express F as a function of the components of
the matrices H ; h. To obtain the pressure and the bulk modulus one
can uniformly compress (or expand) the system by applying deforma-
tion #1

hij = (1 + ")1=2H ij ;

(where i; j = x; y) what leads to

@F
@"

�
�
�
�
"=0

= � p ;
@2F
@"2

�
�
�
�
�
"=0

= B :

The shear modulus can be obtained by applying deformation #2, de-
�ned by the following relations

hxx = Hxx ; hyy = Hyy ; hxy = Hxy = 0 ; hyx = Hyx + �"H yy ;

(the condition Hxy = 0 can be ful�lled by a proper rotation of the sys-
tem) what leads to
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3 Studied systems

The interatomic interactions considered in this work are purely repul-
sive, short-range ones of the form:

uij (di ; dj ; r ij ) =
�

di + dj

2r ij

� n
;

where di and dj are the diameters of the interacting particles, and r ij
is the distance between their centers.

It is worth to notice that in the limit n ! 1 the interaction poten-
tial tends to the hard-body potential which is widely used in computer
simulations and in the condensed matter theory [4]. In this study we
restrict ourselves to a short-range case, taking n � 3 and assum-
ing nearest-neighbor interactions, i.e. only those particles interact for
which their Dirichlet polygons have common edges.

3.1 Polydisperse discs

First of studied systems (Fig. 1) consists of soft particles (discs)
whose diameters were generated randomly according to the Gauss
distribution function with a given standard deviation �
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;

which will be further referred to as the polydispersity parameter. The
quantity h� i , being the average of particle diameter, will act as the unit
length.

The second of studied (Fig. 2) systems also consists of soft discs of
different sizes, but, in contrast to the previous one, the diameters can
only be of two values: � (1 � � ) and � (1 + � ). The average of all di-
ameters in the system is equal to � , what implies that half of particles
had diameters equal to � (1 � � ) and the other half � (1 + � ). Larger
and smaller diameters were distributed in the system randomly. Right
�gure below shows an example of such a structure. It can be see n,
that in both systems, the particles form nearly ideal hexagonal lattice.
Moreover, both structures are elastically isotropic for small deforma-
tions.

Figure 1. The polydisperse
discs; the legend shows di-
ameter distribution of particles.
The particle of minimum diam-
eter is shown in white, and the
one of maximum diameter in
the system is shown in black.

Figure 2. The binary disc sys-
tem; white colour represents
particles with diameters less
than � , diameters greater than
� are shown in black.

3.2 Degenerate Crystalline (DC) phase of dimers

Third of studied models consists of diatomic molecules. Atoms of
those molecules form a perfect hexagonal lattice at close-packing,
but molecules' positions and orientations are random.

Figure 3. DC phase of dimers.

The structure displayed in Fig. 3 is known to be thermodynami-
cally [5] stable. Molecules are rigid, i.e. the distance between atoms
forming a particle is constant.

Structures under consideration were generated in such a way, that
particles' orientations are equally distributed among all lattice direc-
tions. One can easily generate such structure starting form perfectly
ordered system with the help of correlated motions illustrated earlier.

3.3 Polydisperse trimers

The last of studied systems is the system of soft triatomic particles.
As in the polydisperse discs system, diameters of atoms forming cur-
rent system were generated according to Gauss distribution function.
Similarly to the previous system, molecules are rigid. Values of diam-
eters were assigned randomly to atoms in the system. It can be seen
below, atoms form nearly perfect hexagonal lattice.

Figure 4. The Polydisperse trimers. The legend shows diame-
ter distribution of particles. As in the case of polydiperse discs,
the atom of minimal diameter in the system is shown in white,
and the one of maximum diameter, in black.

4 Results

Below the plots of the Poisson's ratio against the inverse of the expo-
nent of interaction potential n for all studied systems are presented.
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Figure 5. The Poisson's ratio against the inverse of the expo-
nent n for two-dimensional soft discs with different values of the
polydispersity parameter � . On the left in the range n 2 (3; 1 ),
on the right for n � 33. The thick continuous line shows the
exact result for � = 0. The thin continuous lines are numerical
�ts describing the system. For details see [6].
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Figure 6. The Poisson's ratio against the inverse of the expo-
nent n for two-dimensional binary soft discs system with dif-
ferent values of the � . On the left in the range n 2 (3; 1 ), on
the right for n � 33. The thick continuous line shows the exact
result for � = 0. The thin continuous lines are numerical �ts
describing the system. Note that presented �ts describe the
polydisperse disc system. As can be seen the agreement of
the results is very good. For details see [6].
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Figure 7. The Poisson's ratio against the inverse of the ex-
ponent n for two-dimensional dimer system with different val-
ues of the V � which is the volume of the system expressed
as V � = V=V0 where V0 is the volume of the system at close-
packing. On the left in the range n 2 (3; 1 ), on the right for
n � 66. The thick continuous line shows the result for V � = 1.
The thick dotted line shows the exact result for discs with � = 0
at close-packing. The thin dotted lines are just to guide the
eye.
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Figure 8. The Poisson's ratio against the inverse of the ex-
ponent n for two-dimensional polydisperse trimer system with
different values of the � , were V � = 0:52. Note that for the
system of anisotropic molecules, where atoms are of identical
diameters, at given density the Poisson's ratio i negative. On
the left in the range n 2 (3; 1 ), on the right for n � 33. The
thick continuous line shows the exact result for � = 0. The thin
continuous lines are numerical �ts describing the system. F or
details see [7].

5 Conclusions

The investigations discussed in this work revealed essential in�uence
of disorder on the elastic properties in 2D elastically isotropic sys-
tems. A few kinds of static disorder, leading to aperiodicity of the
system ground states were studied: (a) polydispersity of isotropic par-
ticles, (b) polydispersity of anisotropic particles (triatomic molecules),
and (c) mis�t between the lattice constant (which can be vari ed) and
�xed intramolecular bonds, i.e. the distances between cent ers of
atoms forming the dimers. In each of the studied case an increase
of the Poisson's ratio was observed with increasing hardness of the
potential for short-range interactions. It was also observed that the
Poisson's ratio grows with increasing disorder for short-range, steeply
varying potentials.
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