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1 Introduction

The Poisson’s ratio describes the change in transverse and longitudinal
dimensions of a material with respect to an applied longitudinal stress
(stretching or compressing). Typical materials show positive Poisson’s
ratio. In recent years an intense search for materials with negative Pois-
son’s ratio [1], also called auxetics [2], has been conducted. Such ma-
terials behave in opposite way to that we see every day (see Fig. 1), i.e.
they increase (decrease) their dimensions in one or more transverse
directions when longitudinally stretched (compressed). This uncom-
mon behavior gives these materials a wide range of possible applica-
tions [1, 3–6].

Figure 1. Examples of conventional material with positive Poisson’s ratio (to the

left, while stretched the sample gets thinner) and the material with negative Pois-

son’s ratio (to the right). Contrary to the conventional material, the auxetic gets

thinner when compressed. The gray shape shows the material’s initial (unde-

formed) state.

Better understanding of mechanisms behind auxeticity can be achieved
by analyzing simple models. Recently, it has been shown that, at
zero temperature, planar three-atomic molecules of 3-fold symmetry
axis (further called cyclic trimers or just trimers) exhibit auxetic behav-
ior, i.e. their Poisson’s ratio is negative [7], when particles are highly
anisotropic. It has been also shown that the presence of polydispersiv-
ity increases the Poisson’s ratio in the system [8].

This work is generalization of the two-dimensional (2D) model pre-
sented in Refs. [7, 8]. The aim of this study is to broaden our knowledge
concerning the influence of microscopic structure and mechanisms on
the macroscopic elastic properties of materials. The influence of such
factors as molecular shape asymmetry and atomic size dispersion on
the system’s elastic properties is determined by computer simulations.

2 Model system

The studied system is 2D and consists of three-atomic molecules
(trimers). For each molecule, the interacting sites (atoms), are placed
at the vertices of an isosceles triangle. In this work it is assumed that
the atoms interact through a purely repulsive potential of the form:

uij(dij, rij) = u0

(

dij

rij

)n

,

where dij = (di+dj)/2. di, dj are the diameters of interacting atoms and
rij is the distance between their centers. The exponent n is a param-
eter which describes the hardness of the potential (the potential tends
to a hard-particle potential with increasing n), where its inverse, 1/n,
will be treated as the softness parameter. Atoms interact only with their
nearest neighbors, i.e. interacting atoms share a side of their Dirichlet
polygons. In the limit n → ∞ the trimers can be thought of as hard
bodies.

To obtain the structure of trimers built on isosceles triangles (see
Fig 2), the molecules are aligned parallel to each other and oriented
in the same direction, thus forming a rectangular lattice (see Fig. 3).

Figure 2. Shape of the trimer depending on the value of the asymmetry parame-

ter, λ ≡ dλ/σ, where dλ is the diameter of the upper disc and σ is the diameter of

the discs at the bottom of the triangle: a) λ = 0.4142, b) λ = 1 (perfect triangle of

3-fold symmetry axis) and c) λ = 1.4773.

a) b) c)
Figure 3. Examples of crystalline structures formed by molecules of extreme val-

ues of the molecular asymmetry parameter λ: a) λ = 0.4142, b) λ = 1 (isotropic

structure) and c) λ = 1.4773.

2.1 Identical asymmetric trimers

Trimer asymmetry (see Figs. 2, 3) is due to the fact that the molecules
are made on the basis of isosceles triangles and one of the molecule’s
atoms has the diameter,

dλ = λσ ,

where σ is the diameter of the remaining two atoms and a unit length.
The remaining two atoms are placed on the triangle’s side also equal
to σ. Thus, the molecular asymmetry parameter λ in the above formula
scales the diameter dλ of the third disc. It is worth noting that at close
packing of hard trimers defined above and forming the lattice shown in
Fig. 3, the possible values of λ can vary in the range of (0.4142÷1.4773).
For values of λ from outside this range the structure is unstable. In this
work systems of λ from the range of 0.5 ÷ 1.3 were studied, changing
in 0.1 increments of λ. The system of λ = 0.415, close to the lower
limit of λ, was also studied in order to investigate the extreme values of
Poisson’s ratio.

The height h of the isosceles triangle is a function of another asym-
metry parameter w, defined as

h = wh0 ,

where h0 =
√

3/2, which corresponds to the height of the equilateral
triangle of the side length equal to σ. w is related to λ by analytical
formula presented in [9], where other details concerning the model and
the computation method are also presented.

2.2 Trimers with atomic size polydispersity

In this case, the equivalent atomic diameters in the system are allowed
to differ (slightly) from each other. Their values were generated accord-
ing to the Gauss distribution function at a given standard deviation δ,
which will be treated as the polydispersity parameter.

δ =

√

〈

d2
〉

− 〈d〉2

〈d〉 .

〈d〉 in the above equation is the average diameter of the given kind of
atoms. The diameters of equivalent atoms were generated in such a
way that their averages matched the values of the corresponding sys-
tems of identical trimers. This allows one to keep the system energy
close to the energy of the system without polydispersity which is impor-
tant from the point of view of numerical accuracy of the computations.
The following polydispersities where studied: δ = 0.003, 0.01 and 0.03
for selected values of the molecular asymmetry parameter λ.

3 Basic formulae

In order to describe the elastic properties of an anisotropic system, ex-
hibiting rectangular symmetry, it is convenient to use the formula de-
scribing the free enthalpy (Gibbs free energy) change, which is ex-
pressed as a function of the elastic constants Bijkl of the system at
non-zero pressure p and the Lagrange strain tensor εij

∆G/Vref =
1

2

2
∑

i,j,k,l

Bijklεijεkl ,

where Vref is the system’s volume at equilibrium at the pressure p. The
elastic constants are related to the elastic compliances tensor through
the following formula [10]:

∑

m,n

SijmnBmnkl =
(

δikδjl + δilδjk
)

/2 .

The indexed delta symbol in the above equation is the Kronecker delta
function. If we consider α as the direction of the applied infinitesimal
stress change (the other components of the stress are kept unchanged)
and β as the direction perpendicular to it (the direction in which we
measure the material’s response to applied load), we can express the
Poisson’s ratio as:

ναβ = −
Sββαα

Sαααα
.

α and β are unit vectors defined as α = (cos φ, sin φ) and β = (cos(φ +
π/2), sin(φ+π/2)), where φ is the angle describing the orientation of the
vector α in the coordinate system defined by the crystalline axes of the
system studied.

In 2D the Poisson’s ratio depends, in general, on the direction of α. To
describe the effective deformation of anisotropic media one can use the
average Poisson’s ratio 〈ν〉 and effective Poisson’s ratio νeff. By using
the equation above and the formula Sαααα = αiαjαkαlSijkl, they can
be defined as:

νeff = −
S̄ββαα

S̄αααα
, 〈ν〉 =

1

2π

∫

ναβ dφ .

Where S̄ββαα, S̄αααα are the components of the elastic compliance ten-
sor averaged over all directions of α. In the results section the com-
parison of both, the effective and the averaged Poisson’s ratios is pre-
sented.

4 Results and conclusions
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Figure 4. The Poisson’s ratio depen-

dence on the angle φ of the direction

of applied deformation α, for different

hardness parameter values a) n = 5,

b) n = 12, c) n = 768. Parts of the

curves in which the Poisson’s ratio is

negative are drawn with red lines, and

the positive parts of the Poisson’s ratio

are drawn with black lines. Additionally

for λ 6= 1, the effective Poisson’s ratio,

νeff, is marked with the thin doted lines.

Note that in the case when λ = 0.415,

the Poisson’s ratio in directions φ ≈ 0, π

drops below −1.

The values of Poisson’s ratio for systems with molecular asymmetry
λ ≪ 1 are significantly lower compared to the systems of symmetric
molecules. In this case the Poisson’s ratio is strongly angle dependent
and highly negative, dropping even below −1 for λ = 0.415! The re-
spective values of the Poisson’s ratio for φ = 0 are ν(n=5) = −1.402 and
ν(n=12) = −1.152.
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Figure 5. a) Effective Poisson’s ratio shown as a function of the softness pa-

rameter for different values of the molecular asymmetry parameter λ and b) the

difference between the effective and average Poisson’s ratios. Solid lines are

drawn to guide the eye.

The effective Poisson’s ratio for crystal systems at different values of
λ and its relation with the average Poisson’s ratio are plotted in Figure
above. As can be seen in the Figure 4, the Poisson’s ratio for systems
with λ > 1 depends on the deformation angle rather weakly. Looking at
the structures in Fig. 3 one can see that molecules of λ ≫ 1 are similar
to discs. For this reason systems of λ > 1 become more isotropic than
systems with λ < 1. There is no significant difference between the
effective and average Poisson’s ratios for high values of λ. In the case
when λ ≪ 1, the effective Poisson’s ratio is always negative .
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Figure 6. a) Poisson’s ratio for polydisperse systems of λ = 0.6 and n = 768.

Negative parts of the Poisson’s ratio curve are drawn with thick red solid lines.

Additionally, the effective Poisson’s ratio is marked with thin doted line for respec-

tive polydispersity values. b) The effective Poisson’s ratio at λ = 0.6 as a function

of the softness parameter.

The destructive, from the point of view of auxeticity, influence of disor-
der (atomic size dispersion) on elastic properties is presented above.
Poisson’s ratio increases significantly with increasing δ and n (in
some directions by as much as ∆ν ≈ 1.5), as was observed in the
isotropic case [8]. With the increase of δ, Poisson’s ratio becomes more
and more dependent on the angle φ. The effective Poisson ratio for the
system at λ = 0.6 increased by ∆νeff ≈ 0.8 in the case of the highest
studied δ. As it can be seen, even as small amount of disorder as
δ = 0.003, can eliminate auxtetic behavior completely. Thus, dis-
order introduced by atomic size polydispersity leads to increase of the
Poisson’s ratio in both isotropic [8, 11] and anisotropic systems.
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